Temporal imaging is a technique enabling manipulation of temporal optical signals in a manner similar to manipulation of optical images in spatial domain. The quantum description of temporal imaging is relevant in the context of long range quantum communication. Indeed this technology relies on the efficiency of quantum repeaters for which the temporal mode matching between the quantum emitters, the communication network and the quantum memories is critical. In this work we address the problem of temporal imaging of a temporally broadband squeezed light generated by a traveling-wave optical parametric amplifier. We consider a single-lens temporal imaging system formed by two dispersive elements and a parametric temporal lens, based on a nonlinear process such as sum-frequency generation or four-wave mixing. We derive a unitary transformation of the field operators performed by this kind of time lens and evaluate the squeezing spectrum at the output of the single-lens imaging system. When the efficiency factor of the temporal lens is smaller than unity, the vacuum fluctuations deteriorate squeezing at its output. For efficiency close to unity, when certain imaging conditions are satisfied, the squeezing spectrum at the output of the imaging system will be the same as that at the output of the OPA in terms of the scaled frequency Ω = M Ω which corresponds to the scaled time t = t/M . The magnification factor M gives the possibility of matching the coherence time of the broadband squeezed light to the response time of the photodetector.
INTRODUCTION
Current technology in the temporal imaging domain enables all-optical manipulation of light while preserving the high speed of information transmission and processing. [1] [2] [3] Modern time lenses use electro-optic modulation [4] [5] [6] [7] or nonlinear parametric processes such as three- [8] [9] [10] [11] [12] [13] [14] or four-wave mixing. [15] [16] [17] [18] Similar to conventional imaging, temporal imaging offers a great capacity for manipulation of optically encoded information, and is particularly suited for classical communication protocols. On the other hand, in quantum communication and networking, optical processing of information must preserve quantum character of input states. This requires protocols with close-to-unity efficiencies and optimal mode matching. To this purpose quantum temporal imaging can be considered as an interface designed for achieving optimal mode matching in the time-frequency domain. Quantum temporal imaging is an emerging direction of research having much in common with the conventional (spatial) quantum imaging, [19] [20] [21] which has become a well-developed branch of quantum optics. Strategies for manipulation of single-photon fields by temporal imaging technique have been considered for quantum optical pulse shaping, 22 bandwidth compression, 23, 24 temporal imaging of time-bin entangled photonic wave packets, 25 and manipulation of single-photon waveforms. 26 These results are especially important in the light of recent advances in generation of ultrabroadband biphotons by means of chirped quasi-phase-matched crystals. [27] [28] [29] This technology allows one to transmit quantum information at rates of tens and hundreds of THz, however its decoding requires significant temporal stretching to fit the single-photon waveform to the bandwidth of single-photon detectors, which is of the order of 10 GHz.
Only recently [30] [31] [32] the theory of quantum temporal imaging has been applied to squeezed light. The case of perfect phase-matching and infinite-duration pump has been considered for sum-frequency generation 30 and fourwave mixing 31 processes. The limits of validity for perfect phase-matching approximation have been considered 32 and the difference between the classical and the quantum field of view has been established. These results may find application in optical implementations of quantum information protocols with continuous variables. In particular, quantum temporal stretching provides a method of decoding quantum information, conveyed by ultrabroadband squeezed light, which is generated in chirped quasi-phase-matched crystals.
33-35
An important point, still missing in the quantum consideration of a temporal imaging system, is finite temporal aperture of the time lens, which is caused by finite duration of the pump pulse. The classical treatment of finite aperture can be found in Ref. 1 , where it is shown that finite aperture introduces additional losses.
In the quantum treatment losses should be accompanied by fluctuations to provide unitarity. Thus, for a fully quantum treatment of the problem corresponding additional zero-mean terms in the field transformation should be found.
In this work we review the main results of the quantum temporal imaging theory with squeezed light and show how it can be extended to the case of finite temporal aperture. To illustrate our approach we study the effects of finite aperture onto broadband squeezed vacuum.
TEMPORAL IMAGING ELEMENTS

Description of the field
We consider the simplest imaging scheme that can be realized with a single time lens: it consists of first dispersive medium followed by a time lens then followed by a second dispersive medium. In the following we will refer to the first (second) medium as the input (output) dispersive medium. The time lens is implemented by a non-linear process that can be either a sum frequency generation (SFG) or a four wave mixing (FWM) process. Hence a pulse at signal frequency ω s after a dispersive propagation through the input medium is up-converted in a non-linear crystal (via SFG or FWM) to a new pulse at the idler frequency ω i . The SFG non-linear process occurs in presence of one strong pump pulse of frequency ω p such that ω s + ω p = ω i . The FWM process occurs in presence of two strong pump pulses of frequencies ω p1 and ω p2 such that ω s + ω p1 = ω i + ω p2 . Finally the idler pulse is dispersed through the output medium.
We note that for the FWM-based time lens we consider only the phase-preserving configuration of the waves and not the phase-conjugating one. These two configurations are successfully implemented for time lenses in the classical regime [15] [16] [17] [18] and show similar behavior. It has been found recently that with respect to squeezed light the behavior of these configurations is very different. 31 The phase-conjugating configuration is detrimental to squeezing present at the input light because of the spontaneous parametric down-conversion accompanying parametric amplification process inherent for this configuration. On the contrary, the phase-preserving scheme under suitable conditions preserves squeezing in the input light.
We treat all waves as plane waves and describe each one by its positive-frequency fieldÊ (+) m (t, z) at time t and position z, where the index m = {s, i, p, p1, p2} identifies the signal, idler or pump waves respectively. All waves are accepted to be narrow-band with the carrier frequencies ω m . Each wave passing through a medium, experiences a dispersion, characterized by the dispersion law: dependence of its wave vector k m (ω) on frequency ω, which we decompose around the carrier frequency in Ω = ω − ω m and limit the Taylor series to the first three terms:
The linear in frequency term describes the group delay experienced by the wave and can be taken into account by the travelling-wave frame of reference (τ, ξ) propagating at pulse group velocity such that
with z 0 being the beginning of the medium. In this frame of reference we can writê
where E m is the single-photon field, β 2m = (d 2 k/dΩ 2 ) ωm is the group velocity dispersion of the medium at the carrier frequency andâ m (Ω, ξ) is the annihilation operator of a photon with frequency ω m + Ω at position z 0 + ξ. We write k m (ω m ) = k m in Eq. (4) for simplicity. Notice that the definition of the slowly-varying fieldâ m (Ω, ξ) depends on the medium through which the wave is propagating. This means that a continuity equation at the interfaces between different media can be established forÂ m (τ, ξ) fields only.
Dispersive propagation
In a linear dispersive medium the slowly-varying fieldâ m (Ω, z) does not change during the propagation:â m (Ω, ξ) = a m (Ω, 0) for any ξ inside the medium. Hence the dispersive evolution ofÂ m (τ, ξ) through a medium of length L m is given by Eq. (5) 
where
is the inverse of the symmetric Fourier transform operator and we defined G(Ω) = e 
Equation (7) corresponds to a unitary transformation of field operators, which follows from the identity
and hence it preserves the commutator for the field operators, as should be for a dispersive propagation without losses.
Time lens transformation
Assuming perfect phase matching over the relevant bandwidth and undepleted pump, the two non-linear processes, SFG and FWM in the phase-preserving configuration, can be generally described by the following unitary transformationÂ
where ξ = 0 and ξ = L are the longitudinal coordinates at the input and output of the non-linear crystal respectively. For a SFG process:
where A p (τ /τ p ) and φ(τ ) are the module and the phase of the pump pulse, whose duration is denoted as τ p .
For the implementation of a time lens, a short pulse of duration τ p is propagated through a dispersive medium of length L p and group velocity dispersion β 2p (at the carrier frequency ω p ). At the output the pump pulse is stretched to duration τ p τ p and acquires a phase that is quadratic in time φ(τ ) = τ 2 /2D f , with D f = −β 2p L p known as focal GDD. 11, 12 In the present work we consider only the case of negatively chirped pump β 2p < 0 for definiteness. As consequence D f > 0. For a FWM process in the phase-preserving configuration
where A p1 (τ /τ p1 ) and A p2 (τ /τ p2 ) are shapes of two pump pulses of durations τ p1 and τ p2 respectively. Chirping one of or both these pump pulses produces a quadratic in time dependence of the phase φ(τ ) = τ 2 /2D f which is in this case the sum of the phases of the pump waves.
Equations (10) and (11) describe a unitary transformation of the photon annihilation operators of the signal and the idler waves from the input of the nonlinear crystal to its output preserving the canonical commutation relations. As follows from their definitions, the coefficients u(τ ) and v(τ ) satisfy the condition
Therefore, they can be interpreted as the reflection and the transmission coefficients of an equivalent beam splitter. For time lens applications the signal port is injected with an input state while the input idler port is empty. As a consequence vacuum fluctuations enter into the process through this port and mix with the input state. Since these vacuum fluctuations are detrimental for the non-classic input states, they need to be avoided. Indeed they can be eliminated by setting experimental conditions such that the conversion efficiency η = |v(τ )| 2 = 1. This can be obtained by requiring gA p (τ /τ p )L = π/2 in the case of SFG, or gA p1 (τ /τ p1 )A p2 (τ /τ p2 )L = π/2 in the case of FWM. However, since the pump pulses have a finite duration, the previous conditions cannot be satisfied for all τ . The consequence is that the time lens presents a finite temporal aperture that lets in vacuum fluctuations. This circumstance has an impact on imaging of quantum states and is studied in the following sections.
QUANTUM TEMPORAL IMAGING
Temporal imaging system
The goal of this section is to show how the theory of quantum temporal imaging, developed in Refs. 30 and 31, can be extended to a regime where the time lens is characterized by a finite temporal aperture. We consider the imaging scheme shown in Fig. 1 . This case is related to the finite duration of the pumps involved in the nonlinear process that implements the time lens.
We shall derive, therefore, the unitary transformation connecting the output field to the input field keeping in mind that, by the continuity of fields at the interfaces, we have:
where the index "in" ("out") has been used for indicating the field operator passing through the input (output) dispersive medium.
time lens We can obtain the transfer function starting from the output of the scheme and going backwards to the input.
By continuity and neglecting dispersion of the nonlinear crystal we haveâ i,out
with G out (Ω) = exp{iD out Ω 2 /2}, where D out is the GDD of the output medium. Now using the Fourier transform of Eq. (11) and the convolution theorem we obtain
and Eq. (6), we obtain
with G in (Ω) = exp{iD in Ω 2 /2}, where D in is the GDD of the input medium.
Impulse transfer functions
Applying the convolution theorem to Eq. (22) and definingÂ in (τ ) =Â s,in (τ, 0), we write the full transformation realized by the considered temporal imaging system as followŝ
The second term in (23) corresponds to the vacuum entering the parametric process by the idler channel then dispersed during the propagation through the output medium. In a fully quantum treatment this term must be considered in order that the transformation is unitary.
In order to make homogeneous the notation in Eq. (23), let us make the following replacement
whereÂ 0 (τ ) is a new vacuum operator for which the usual commutation relations hold true. Indeed this replacement does not change the input vacuum state in the idler mode. The physical meaning of the operator A 0 (τ ) will be explained elsewhere. Finally the quantum temporal imaging unitary transformation readŝ
with
By using conditions (9) and (16) it is straightforward to show that
i.e., the transformation (25) is unitary.
Now we introduce the conversion efficiency at the center of the pump pulse η = sin 2 (gLA p (0)) and the normalized pupil function
which we accept for simplicity being an even function of its argument. When the classical imaging condition
is satisfied, and in the approximation of object being much less than the time lens aperture, 36, 37 Eq. (25) can be written asÂ
and Ω r = τ p /D f is the inverse of the temporal resolution of the lens. 1, 12 Notice that Eq. (32) is the point spread function for classical temporal imaging 1 for a magnification factor M = −D out /D in . On the other hand the function (33) has no equivalent in classical theory of temporal imaging and describes vacuum fluctuations entering the process whenever the scheme has finite resolution.
TEMPORAL IMAGING OF BROADBAND SQUEEZING
Here we consider an application of the theory developed above to the case where a temporally broadband squeezed state is injected into the input port of a temporal imaging scheme as depicted in Fig. 2 . Such a state of light can be generated in a traveling-wave optical parametric amplifier (OPA) on the basis of a second-order nonlinear crystal. 38 The squeezing transformation produced by such an OPA is given by a Bogolubov transformation of the photon annihilation operatorâ s (Ω, ξ) from the input (ξ = 0) to the output (ξ = l) of the OPA,
Here l is the length of the OPA crystal, and U (Ω) and V (Ω) are the complex coefficients depending on the parametric gain of the OPA and its phase-matching conditions. Figure 2 . The broadband squeezed vacuum generated by an OPA is injected into the input port of the imaging scheme of Fig. 1 .
The balanced homodyne photodetection of the output returns the normalized to the shot-noise photocurrent noise spectrum (δi) 2 Ω / i , which we shall call squeezing spectrum and denote S(Ω). For unit photodetection efficiency, we can write the squeezing spectrum as follows,
where ϕ is the phase of the local oscillator of the homodyne detector, r(Ω) = ln (|U (Ω)| + |V (Ω)|) is the degree of squeezing and ψ(Ω) = arg[U (Ω)V (−Ω)]/2 is the angle of squeezing at given frequency Ω. For a traveling-wave OPA the squeezing angle can be approximated 38 as
where Ω c = (k l/2) −1/2 is the squeezing bandwidth, determined by the group velocity dispersion of the OPA active medium. The degree of squeezing r(Ω) for a typical OPA 38 has its maximum at Ω = 0 and decays to zero with a characteristic frequency higher than Ω c .
When the imaging condition, (30) , is met, the ideal transfer function (with infinitely long pump and unit conversion efficiency) induces a rescaling of the noise spectrum at the output:
This result shows that the squeezing spectrum at the output of the imaging system will be the same as that at the output of the OPA in terms of the scaled frequency Ω = |M |Ω for any magnification factor M . This corresponds, in time domain, to the scaled time τ = τ /M . Therefore this magnification factor gives us a possibility of matching the coherence time τ c = 2πΩ
of the broadband squeezed light to the response time of the photodetector.
For a non ideal situation the squeezing spectrum S out (Ω) for the output field can be obtained by using the unitary transformation (31) . We will assume that the local oscillator is shaped such that the residual quadratic phase impressed onto the output field by the imaging scheme is compensated. Thanks to the particular form of expressions (32) and (33) , the output squeezing spectrum is
The comparison of this expression with Eq. (37) shows that, as in the case of infinite aperture, the output spectrum is rescaled by factor |M | −1 . Hence, as discussed above, the output squeezing bandwidth results to be Ω c = Ω c /|M |. Additional effect of the finite time lens aperture consists in a filtering that is characterized by bandwidth Ω r , which is given by the inverse of the resolution time of the imaging system T r = 2πΩ
Below we illustrate the transformation of the spectrum of squeezing in an SFG-based temporal imaging system for two shapes of the pump pulse. As first example we consider a Gaussian pump envelope with unit full width at half maximum,
2 }, and accept for simplicity the ideal case of unit conversion efficiency at the center of the pump pulse, gA p (0)L = π/2. In this case the pupil function is
and this case corresponds to using a dispersed Gaussian pulse for pumping the SFG crystal. As the second example we consider a rectangular pump envelope
, which results in a rectangular pupil function P (τ /τ p ) = rect(τ /τ p ). Such a pulse corresponds exactly to the aperture of a conventional lens and can be produced with certain precision by cutting out the central part of a dispersed Gaussian pulse by means of a pulse shaper. Both pupil shapes are shown in Fig. 3 .
Gaussian pump
Gaussian pump pupil Spectra of squeezing before and after the temporal imaging system with Gaussian pump are shown in Fig. 4 for the practically interesting case of temporal resolution being 10 times lower than the coherence time of the signal, T r = τ c /10 or Ω r = 10 Ω c , and the conversion efficiency at the center of the pump pulse η = 1.
It is clear from Fig. 4 that the spectrum of squeezing of the image field is a scaled and filtered version of the spectrum of squeezing of the object field. In the regime of magnification (M = −3) the spectrum is compressed, while in the regime of demagnification (M = −1/3) it is stretched. Filtering results in a faster decay of oscillations in the image compared to the object. Note that the squeezing at zero frequency, which is 1 4 of the shot noise level in this example, is not affected by the imaging transformation for η = 1. Figure 4 . Transformation of the spectrum of squeezing in an SFG-based temporal imaging system with a Gaussian pump pulse. Conversion efficiency at the center of the pump pulse is 100%. Temporal aperture of the time lens is chosen so that the temporal resolution is 10 times lower than the coherence time of the input squeezed vacuum (solid blue line). Magnification is (a) M = −3 and (b) M = −1/3. The spectrum of squeezing of the image field (red dashed line) is a scaled and filtered version of the spectrum of squeezing of the object field. All spectra are normalized to the shot noise level (black dotted line).
The same spectra for the same settings but with a rectangular pupil function are shown in Fig. 5 . The only difference from the previous figure consists in a different shape of the filter function. Now filtering results in cutting off the image spectrum above the cutoff frequency
The cutoff frequency of a temporal imaging system is proportional to the temporal aperture τ p and can be made sufficiently large by increasing the latter. Figure 5 . Transformation of the spectrum of squeezing in a temporal imaging system with a rectangular pupil function for the same settings as in Fig. 4 . The spectrum of squeezing of the image field (red dashed line) is a scaled and filtered version of the spectrum of squeezing of the object field (solid blue line). Filtering in this case means cutting off the image spectrum above the cutoff frequency (a) Ω cutoff = 1.25Ωc and (b) Ω cutoff = 3.75Ωc.
In the case where the chirped pump used for implementing the time lens is obtained by dispersing through a medium (with total GDD equal to −D f ) a Fourier-limited Gaussian pulse of duration τ p , the chirped pump pulse will have a duration τ p = 2πD f /τ p . In this case the temporal resolution is given by the duration of the initial pulse T r = τ p .
Finally we note, that for a smaller than unity conversion efficiency η the squeezing at Ω = 0 is reduced by an amount equal to η as prescribed by the first term at the right hand side of Eq. (38).
CONCLUSIONS
In this work we have investigated the problem of temporal imaging in the context of quantum optics. In particular we have focused on the simplest imaging scheme involving an input dispersive medium followed by a time lens and by an output dispersive medium. This is the temporal equivalent of a spatial imaging scheme involving only one thin lens. We have restricted our consideration to the case where the time lens is implemented by non-linear processes, such as SFG or FWM, mediated by a strong pump pulse that is chirped. Since the process is effective only when the pump intensity is significant, the corresponding time lens presents, in general, an aperture (in time) that is finite and is given by the duration of the pump pulse. This problem has been considered in a classical context, 1, [10] [11] [12] [13] where the transfer function of the mean field has been obtained and used for characterizing the resolution of the imaging scheme. However a quantum treatment of the imaging transformation reveals that, because of finite temporal aperture, vacuum fluctuations enter the output field, so that the classical description is insufficient. In such a treatment we have retrieved the unitary transformation, Eq. (31), characterized by two time-invariant kernels: the first one,h(τ − τ ), is the equivalent of the classical point-spread function and is, therefore, responsible for the temporal resolution of the classical part of the image. On the contrary the second kernel,κ(τ − τ ), has no classical equivalent and represents a point-spread function describing how vacuum fluctuations enter the system. We considered the case where a broadband squeezed state is used as an object field. We have shown that the spectrum of the image field is a rescaled and filtered copy of the spectrum at the object field. When the conversion efficiency of the nonlinear process is close to unity, no degradation is expected for the quantum properties of the input state inside the filtering bandwidth, proportional to the temporal aperture of the time lens. These results create a basis for development of temporal imaging systems for quantum information processing with continuous variables of light.
